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HIGHER n-ANGULATIONS FROM LOCAL RINGS
PETTER ANDREAS BERGH, GUSTAVO JASSO, ANDMARIUS THAULE
ABSTRACT. We show that the category of finitely generated free modules over certain
local rings is n-angulated for every n ≥ 3. In fact, we construct several classes of n-
angles, parametrized by equivalence classes of units in the local rings. Finally, we show
that for odd values of n some of these n-angulated categories are not algebraic.
1. INTRODUCTION
In [MSS], Muro, Schwede and Strickland proved that the category of finitely gener-
ated free modules over a local commutative ring R with maximal ideal m = (2) 6= 0 and
m
2 = 0 is triangulatedwithΣ= id, where the collection of distinguished triangles is given
by the contractible triangles, the triangle
R
2
−→R
2
−→R
2
−→R
and direct sums of these. Moreover, they proved that this particular triangulated cate-
gory is neither algebraic nor topological. For a discussion on algebraic and topological
triangulated categories, see e.g. [Sc1, Sc2, Sc3].
Geiss, Keller and Oppermann recently introduced in [GKO] “higher dimensional”
analogues of triangulated categories, called n-angulated categories, and showed that
certain cluster tilting subcategories of triangulated categories give rise to n-angulated
categories. For n = 3, an n-angulated category is the same as a classical triangulated
category. The theory of n-angulated categories has since been developed further: an
equivalent set of axioms was given in [BT1], and a generalization of Thomason’s classi-
fication theorem for triangulated subcategories was proved in [BT2].
In this paper, we show that for a commutative local ringwith principal maximal ideal
squaring to zero, the category of finitely generated free modules is n-angulated for ev-
ery n ≥ 3. More precisely, for such a ring and any integer n ≥ 3, we construct a class of
n-angles in the category of finitely generated free modules, drawing upon the work of
Muro, Schwede and Stricklandmentioned above. In fact, we construct several classes of
n-angles on the same suspended category, parametrized in terms of a certain equiva-
lence relation on the set of units in the local ring. The different classes arise from global
automorphisms on the underlying category, introduced by Balmer in [Bal]. Thus we ob-
tain examples where there are infinitely many classes of n-angles, finitely many classes,
and only one class.
In [Jas], the second author introduced thenotionof algebraicn-angulated categories.
In analogy with the case of triangulated categories, these are the n-angulated categories
that are equivalent to stable categories of “higher dimensional” Frobenius exact cate-
gories. We show that for certain local rings, the n-angulated categories we construct
are not algebraic. As mentioned above, this was done in [MSS] in the triangulated case,
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but there it was also proved that the triangulated category in question is not even topo-
logical. However, at the time of writing, there is no notion of “topological” n-angulated
categories to compare with in the higher setting.
The paper is organized as follows: in Section 2 we recall the definition of an n-
angulated category and prove some elementary results on homotopic n-Σ-sequences,
and in Section 3 we prove our main result. Then in Section 4, we show that there are in
general several n-angulations on the underlying suspended category. Finally, in Section
5, we show that for certain local rings, the n-angulated categories we construct are not
algebraic (for odd values of n).
2. PRELIMINARIES
We recall the definition of an n-angulated category from [GKO]. Let C be an additive
category with an automorphism Σ : C → C , and n an integer greater than or equal to
three. An n-Σ-sequence in C is a sequence
A1
α1
−→ A2
α2
−→ ···
αn−1
−−−→ An
αn
−−→ΣA1
of objects and morphisms in C . We shall often denote such sequences by A•,B• etc. Its
left and right rotations are the two n-Σ-sequences
A2
α2
−→ A3
α3
−→ ···
αn
−−→ΣA1
(−1)nΣα1
−−−−−−→ΣA2
and
Σ
−1An
(−1)nΣ−1αn
−−−−−−−−→ A1
α1
−→ ···
αn−2
−−−→ An−1
αn−1
−−−→ An
respectively, and it is exact if the induced sequence
· · · →HomC (B,A1)
(α1)∗
−−−→HomC (B,A2)
(α2)∗
−−−→ ···
· · ·
(αn−1)∗
−−−−−→HomC (B,An)
(αn )∗
−−−−→HomC (B,ΣA1)→···
of abelian groups is exact for every object B ∈ C . A trivial n-Σ-sequence is a sequence
of the form
A
1
−→ A→ 0→···→ 0→ΣA
or any of its rotations.
A morphism A•
ϕ
−→ B• of n-Σ-sequences is a sequence ϕ = (ϕ1,ϕ2, . . . ,ϕn) of mor-
phisms in C such that the diagram
A1 A2 · · · An ΣA1
B1 B2 · · · Bn ΣB1
α1
ϕ1
α2
ϕ2
αn−1 αn
ϕn Σϕ1
β1 β2 βn−1 βn
commutes. It is an isomorphism if ϕ1,ϕ2, . . . ,ϕn are all isomorphisms in C , and a weak
isomorphism if ϕi and ϕi+1 are isomorphisms for some i (with ϕn+1 :=Σϕ1).
The category C is pre-n-angulated if there exists a collection N of n-Σ-sequences
satisfying the following three axioms:
(N1) (a) N is closed under direct sums, direct summands and isomorphisms of n-
Σ-sequences.
(b) For all A ∈C , the trivial n-Σ-sequence
A
1
−→ A→ 0→···→ 0→ΣA
belongs toN .
(c) For each morphism α : A1 → A2 in C , there exists an n-Σ-sequence in N
whose first morphism is α.
(N2) An n-Σ-sequence belongs to N if and only if its left rotation belongs toN .
(N3) Each commutative diagram
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A1 A2 A3 · · · An ΣA1
B1 B2 B3 · · · Bn ΣB1
α1
ϕ1
α2
ϕ2
α3
ϕ3
αn−1 αn
ϕn Σϕ1
β1 β2 β3 βn−1 βn
with rows in N can be completed to a morphism of n-Σ-sequences.
The collection N satisfying the above three axioms is a pre-n-angulation of the cat-
egory C (relative to the automorphism Σ), and the n-Σ-sequences in N are called n-
angles. If, in addition, the collection N satisfies the following axiom, then it is an n-
angulation of C , and the category is n-angulated:
(N4) In the situation of (N3), the morphisms ϕ3,ϕ4, . . . ,ϕn can be chosen such that
the mapping cone
A2⊕B1
[
−α2 0
ϕ2 β1
]
−−−−−−−→ A3⊕B2
[
−α3 0
ϕ3 β2
]
−−−−−−−→ ···
[
−αn 0
ϕn βn−1
]
−−−−−−−−→ΣA1⊕Bn
[
−Σα1 0
Σϕ1 βn
]
−−−−−−−−→ΣA2⊕ΣB1
belongs to N .
To be precise, one should include all the data when referring to a (pre-)n-angulated
category, and therefore write (C ,Σ,N ). Note that by [GKO, Proposition 1.5(c)], if
(C ,Σ,N1) and (C ,Σ,N2) are pre-n-angulated categories (with the same underlying cat-
egoryC and automorphism Σ) withN1 ⊆N2, then the pre-n-angulations must actually
coincide, i.e. N1 =N2.
Definition. Let A• and B• be two n-Σ-sequences and ϕ andψ two morphisms from A•
to B•. A homotopy Θ from ϕ toψ is given by diagonal morphisms Θi
A1 A2 A3 · · · An ΣA1
B1 B2 B3 · · · Bn ΣB1
α1
ϕ1 ψ1
α2
Θ1
ϕ2 ψ2
α3
Θ2
ϕ3 ψ3
αn−1 αn
ϕn ψn
Θn
Σϕ1 Σψ1
β1 β2 β3 βn−1 βn
such that
ϕi −ψi =Θi ◦αi +βi−1 ◦Θi−1 for i = 2,3, . . . ,n,
and
Σϕ1−Σψ1 =ΣΘ1 ◦Σα1+βn ◦Θn .
In this case, we say that ϕ and ψ are homotopic. A morphism homotopic to the zero
morphism is called nullhomotopic; an n-Σ-sequence is contractible if its identity mor-
phism is nullhomotopic.
Lemma 2.1. (1) Anymorphism to or from a contractible n-Σ-sequence is nullhomotopic.
(2)Homotopic morphisms of n-Σ-sequences have isomorphic mapping cones.
Proof. (1) This is standard: if A•
f
−→ B•,B•
ϕ
−→ C•,B•
ψ
−→ C•,C•
g
−→ D• are morphisms of
n-Σ-sequences with ϕ andψ homotopic, then g ◦ϕ◦ f and g ◦ψ◦ f are homotopic.
(2) We use the notation from the definition above. The diagram
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A2⊕B1 A3⊕B2 · · · ΣA1⊕Bn ΣA2⊕ΣB1
A2⊕B1 A3⊕B2 · · · ΣA1⊕Bn ΣA2⊕ΣB1
A2⊕B1 A3⊕B2 · · · ΣA1⊕Bn ΣA2⊕ΣB1
[
−α2 0
ϕ2 β1
]
[
1 0
Θ1 1
]
[
−α3 0
ϕ3 β2
]
[
1 0
Θ2 1
]
[
−αn 0
ϕn βn−1
] [
−Σα1 0
Σϕ1 βn
]
[
1 0
Θn 1
] [
1 0
ΣΘ1 0
]
[
−α2 0
ψ2 β1
]
[
1 0
−Θ1 1
]
[
−α3 0
ψ3 β2
]
[
1 0
−Θ2 1
]
[
−αn 0
ψn βn−1
] [
−Σα1 0
Σψ1 βn
]
[
1 0
−Θn 1
] [
1 0
−ΣΘ1 0
]
[
−α2 0
ϕ2 β1
] [
−α3 0
ϕ3 β2
] [
−αn 0
ϕn βn−1
] [
−Σα1 0
Σϕ1 βn
]
displays inverse isomorphisms between the twomapping cones of ϕ andψ. 
By [GKO, Proposition 1.5(a)], any n-angle
A1
α1
−→ A2
α2
−→ ···
αn−1
−−−→ An
αn
−−→ΣA1
in a pre-n-angulated categoryC is necessarily exact, so that when applying HomC (B,−)
for any object B , the result is a long exact sequence of abelian groups. Consequently, the
compositions
α2 ◦α1, α3 ◦α2, . . . ,αn ◦αn−1, Σα1 ◦αn
are all zero morphisms in C . We call an n-Σ-sequence with this last property a can-
didate n-angle. Thus, exact n-Σ-sequences are candidate n-angles. The converse is of
course not true in general, but the following result shows that it holds for contractible
candidate n-angles. Moreover, the result shows that contractible candidate n-angles
and mapping cones of isomorphisms automatically belong to any pre-n-angulation of
the category. For triangulated categories, these results were proved in [Ne2, Lemma
1.3.7 and Proposition 1.3.8] and [Ne1, pp. 231–232].
Lemma 2.2. If (C ,Σ,N ) is a pre-n-angulated category and A• a candidate n-angle in
C , then the following hold.
(1) If A• is contractible, then it is exact and belongs toN .
(2) If ϕ : A•→ A• is an isomorphism of n-Σ-sequences, then its mapping cone is con-
tractible (and therefore belongs toN by (1)).
Proof. (1) Since A• is contractible, its identity morphism is homotopic to the zero mor-
phism. Thus there exist diagonal morphisms
A1 A2 A3 · · · An ΣA1
A1 A2 A3 · · · An ΣA1
α1
1
α2
Θ1
1
α3
Θ2
1
αn−1 αn
1
Θn
1
α1 α2 α3 αn−1 αn
in C satisfying
1Ai =Θi ◦αi +αi−1 ◦Θi−1 for i = 2,3, . . . ,n,
and
1ΣA1 =ΣΘ1 ◦Σα1+αn ◦Θn .
If B is any object inC , then applying HomC (B,−) to A• gives a complex HomC (B,A•) of
abelian groups, since A• is a candidate n-angle. Moreover, this complex is contractible,
as is seen directly by applying HomC (B,−) to the contracting homotopy above. The
complex HomC (B,A•) is therefore exact (every contractible complex of abelian groups
is exact), hence A• is exact.
Next, we show that A• is an n-angle, i.e. that A• ∈N . For n = 3, that is, when C is a
pre-triangulated category, this is just [Ne2, Proposition 1.3.8]. Thereforewemay assume
that n ≥ 4.
HIGHER n-ANGULATIONS FROM LOCAL RINGS 5
By axiom (N1)(c), there exists an n-angle
B• : A1
α1
−→ A2
β2
−→B3
β3
−→ ···
βn−1
−−−→ Bn
βn
−−→ΣA1
whose first morphism is α1. Using the contracting homotopy above, we shall complete
the solid part of the diagram
A1 A2 A3 · · · An ΣA1
A1 A2 B3 · · · Bn ΣA1
α1
1
α2
1
α3
ϕ3
αn−1 αn
ϕn 1
α1 β2 β3 βn−1 βn
to a morphism (1,1,ϕ3, . . . ,ϕn) of n-Σ-sequences, a weak isomorphism. Then since B•
is an n-angle and A• is exact, the latter must also be an n-angle by [GKO, Lemma 1.4].
We start with the twomorphisms ϕ3 and ϕn . Define ϕ3 by
ϕ3 :=β2 ◦Θ2.
Then
ϕ3 ◦α2 =β2 ◦Θ2 ◦α2 =β2 ◦ (1A2 −α1 ◦Θ1)=β2
since β2◦α1 = 0, hence the second square from the left commutes. To defineϕn , we use
the exactness of
HomC (ΣA1,Bn )
(βn )∗
−−−→HomC (ΣA1,ΣA1)
(Σα1)∗
−−−−→HomC (ΣA1,ΣA2)
which follows from [GKO, Proposition 1.5(a)] and the fact thatB• is ann-angle. Consider
the morphism αn ◦Θn in HomC (ΣA1,ΣA1). When applying (Σα1)∗ to this morphism,
the result is zero since Σα1 ◦αn = 0. Therefore, by the exactness of the above sequence,
there exists a morphism Θ ∈HomC (ΣA1,Bn ) with βn ◦Θ=αn ◦Θn . Now define ϕn by
ϕn :=Θ◦αn .
Then
βn ◦ϕn =βn ◦Θ◦αn =αn ◦Θn ◦αn = (1ΣA1 −ΣΘ1 ◦Σα1)◦αn =αn
since Σα1 ◦αn , hence the rightmost square commutes.
Since β3 ◦β2 = 0, it follows from the definition of ϕ3 that β3 ◦ϕ3 = 0. Similarly, since
αn ◦αn−1 = 0, it follows from the definition of ϕn that ϕn ◦αn−1 = 0. Therefore, if n = 4,
we have obtained amorphism (1,1,ϕ3,ϕ4) of 4-Σ-sequences. Ifn ≥ 5, we letϕ4, . . . ,ϕn−1
all be zeromorphisms: in this case (1,1,ϕ3,0, . . . ,0,ϕn ) is amorphism of n-Σ-sequences.
(2) The mapping cone of ϕ is the n-Σ-sequence
A2⊕ A1
[
−α2 0
ϕ2 α1
]
−−−−−−−→ A3⊕ A2
[
−α3 0
ϕ3 α2
]
−−−−−−−→ ···
[
−αn 0
ϕn αn−1
]
−−−−−−−−→ΣA1⊕ An
[
−Σα1 0
Σϕ1 αn
]
−−−−−−−−→ΣA2⊕ΣA1
which is easily seen to be a candidate n-angle. The diagram
A2⊕ A1 A3⊕ A2 · · · ΣA1⊕ An ΣA2⊕ΣA1
A2⊕ A1 A3⊕ A2 · · · ΣA1⊕ An ΣA2⊕ΣA1
[
−α2 0
ϕ2 α1
]
[
1 0
0 1
]
[
−α3 0
ϕ3 α2
]
[
1 0
0 1
]M2
[
−αn 0
ϕn αn−1
] [
−Σα1 0
Σϕ1 αn
]
[
1 0
0 1
] [
1 0
0 1
]M1
[
−α2 0
ϕ2 α1
] [
−α3 0
ϕ3 α2
] [
−αn 0
ϕn αn−1
] [
−Σα1 0
Σϕ1 αn
]
with
M1 =
[
0 Σϕ−11
0 0
]
, Mi =
[
0 ϕ−1
i
0 0
]
for 2≤ i ≤n
displays a contracting homotopy. 
6 PETTER ANDREAS BERGH, GUSTAVO JASSO, ANDMARIUS THAULE
The first part of the lemma shows that when one defines a collection of n-angles in
a category, in order to endow it with the structure of a (pre-)n-angulated category, then
one must include all the contractible candidate n-angles.
Remark 2.3. It is easily seen that a direct sum of contractible n-Σ-sequences is again
contractible, as is any trivial n-Σ-sequence. Consequently, a direct sum of trivial n-Σ-
sequences is contractible. The converse holds if idempotents split in the category: in
this case every contractible candidate n-angle is automatically a direct sum of trivial
n-Σ-sequences. Namely, if
A1 A2 A3 · · · An ΣA1
A1 A2 A3 · · · An ΣA1
α1
1
α2
Θ1
1
α3
Θ2
1
αn−1 αn
1
Θn
1
α1 α2 α3 αn−1 αn
is a contracting homotopy on a candidate n-angle A•, then the equalities
1A2 = (Θ2 ◦α2)+ (α1 ◦Θ1)
...
1An = (Θn ◦αn )+ (αn−1 ◦Θn−1)
1ΣA1 = (ΣΘ1 ◦Σα1)+ (αn ◦Θn)
are idempotent decompositions of the identitymorphisms on the objects. The result is a
decomposition of the candidate n-angle into a sum of trivial n-Σ-sequences. However,
if it is not the case that all the idempotents split in the category, then a contractible
candidate n-angle need not be a direct sum of trivial n-Σ-sequences.
3. HIGHER n-ANGULATIONS
In this section we prove our main result: for a commutative local ring with principal
maximal ideal squaring to zero, the category of finitely generated free modules is n-
angulated for every n ≥ 3. The construction of the class of n-angles is based on that
of a triangulated category without models in [MSS], and for odd n we need the same
restrictions on the ring as in that paper. However, for even n our construction is much
more general.
We now fix some notation.
Notation. (1) Let R be a commutative local ring with a principal nonzeromaximal ideal
m= (p) satisfying m2 = 0.
(2) Let C be the category of finitely generated free R-modules, and Σ : C → C the
identity functor.
(3) Given a free module F ∈C , denote by F (p)• the n-Σ-sequence
F
p
−→ F
p
−→ ···
p
−→ F
p
−→ΣF
in which the maps are just multiplication with the element p ∈R.
(4) Let N be the collection of all n-Σ-sequences in C isomorphic to a direct sum of
the form C• ⊕F (p)•, where C• is a contractible candidate n-angle in C and F is a free
module in C .
Two standard examples of such a local ring are Z/(q2) for a prime number q , and
k[x]/(x + a)2 for a field k and any element a ∈ k. More generally, if A is an integral
domain of Krull dimension one, and q ∈ A is a prime element, then the ring R = A/(q2)
satisfies our assumptions.
We now collect some facts about our ring R and its category C of finitely generated
free modules.
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Remark 3.1. (1) Let a be an element of R. If a ∉m then the element is a unit. If a ∈m
then a = pb for some element b ∈R. Now, either b is a unit, or b ∈m, in which case a = 0
since m2 = 0. Consequently, an element of R is either zero, a unit or of the form up for
some unit u.
(2) The ideal m is the only non-trivial ideal of R. Consequently, the ring has Krull
dimension zero, and the finitely generated R-modules have finite length. Moreover, by
applying the Baer Criterion it is easily seen that R is selfinjective.
(3) Suppose F1
α
−→ F2 is an R-homomorphism between finitely generated free R-
modules F1 and F2 of ranks t1 and t2, say. Then α is given by a t2× t1 matrix (ai j ) with
entries in R. Performing appropriate row and column operations on this matrix gives a
newmatrix of the form 
pIu 0 00 Iv 0
0 0 Z


where Iu and Iv are u ×u and v × v identity matrices, and Z is a zero matrix of size
(t2−u− v)× (t1−u− v). Consequently, the map α is isomorphic to the decomposition
F ⊕G⊕H1
[p 0 0
0 1 0
0 0 0
]
−−−−−→ F ⊕G⊕H2
for some free R-modules F,G,H1,H2, with F1 ≃ F ⊕G ⊕H1 and F2 ≃ F ⊕G ⊕H2. More
precisely, there exists a commutative diagram
F1 F2
F ⊕G⊕H1 F ⊕G⊕H2
α
ϕ1 ϕ2[p 0 0
0 1 0
0 0 0
]
in C , in which the vertical maps ϕ1 and ϕ2 are isomorphisms.
(4) If F is a free R-module of rank t , say, then the n-Σ-sequence F (p)• in C is just the
direct sum of t copies of the n-Σ-sequence
R
p
−→R
p
−→ ···
p
−→R
p
−→ΣR
i.e. R(p)•.
(5) The idempotents in the category C split, hence the contractible candidate n-
angles in C are precisely the direct sums of trivial n-Σ-sequences (cf. Remark 2.3).
(6) Contractible candidate n-angles in C are in particular exact sequences of free
modules, and so are all the sequences of the form F (p)•. Hence every n-angle in N is
exact (and periodic) when viewed as a sequence of free modules.
(7) The collectionN of n-Σ-sequences inC depends on the integer n, so one should
perhaps be more precise and write N (n). However, we will not do this. Also, since the
functor Σ : C → C is just the identity functor on C , it may seem a bit superfluous to
display it in the n-Σ-sequences. We have chosen to do so because it makes the n-Σ-
sequences look more natural.
We shall now prove that the triple (C ,Σ,N ) is an n-angulated category for every
n ≥ 3. For odd n, we need the additional assumption that 2p = 0 in R, but not for even
n. We divide the proof into three steps: axiom (N1), axiom (N2) and axiom (N3)/(N4).
Proposition 3.2 (Axiom (N1)). For every n ≥ 3, the collection N is closed under direct
sums, direct summands and isomorphisms. Furthermore, it contains all the trivial n-Σ-
sequences, and everymorphism in C is the first morphism of an n-Σ-sequence inN .
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Proof. The collection N is by definition closed under isomorphisms, and it contains
all the trivial n-Σ-sequences since these are contractible. The direct sum of two con-
tractible n-Σ-sequences is again contractible, and if F,G are two free modules, then the
n-Σ-sequence F (p)•⊕G(p)• equals (F ⊕G)(p)•. Hence N is closed under direct sums.
Next we show thatN is closed under direct summands. Let
A• : A1
α1
−→ A2
α2
−→ ···
αn−1
−−−→ An
αn
−−→ΣA1
be a nonzero direct summand of an n-Σ-sequence in N . If the map α1 is not minimal,
i.e. if Imα1 6⊆mA2, then its matrix must contain a unit. Remark 3.1(3) then gives the first
square in the commutative diagram
A1 A2 A3 · · · An ΣA1
R⊕ A′1 R⊕ A
′
2 A3 · · · An ΣR⊕ΣA
′
1
α1
ϕ1
α2
ϕ2
α3
1
αn−1 αn
1 Σϕ1[1 0
0 α′
1
] [
α′
2
α′′
2
]
α3 αn−1
[
α′n
α′′n
]
whose vertical maps ϕ1 and ϕ2 are isomorphisms, and where
[α′2 α
′′
2 ] = α2 ◦ϕ
−1
2[
α′n
α′′n
]
= Σϕ1 ◦αn .
This is an isomorphism of n-Σ-sequences, and so since A• is a periodic exact sequence
of free modules (being a summand of one), so is the bottom sequence. Therefore the
mapsα′2 andα
′
n are zero, and the trivial n-Σ-sequence on R, which belongs toN , splits
off. Consequently, wemay assume that all the maps in A• are minimal.
Since A• is a complex of free modules, the exact sequence
0→R/m
p
−→R→R/m→ 0
induces an exact sequence
0→R/m⊗R A•→ A•→R/m⊗R A•→ 0
of complexes. The exactness of A• then gives isomorphisms Hi (R/m ⊗R A•) ≃
Hi+1(R/m⊗R A•) of homology for all i , and so since the maps in A• are minimal we
see that the free modules A1, . . . ,An are all of the same rank. Combining this (and the
minimality of the maps in A•) with Remark 3.1(3), we see that A• is isomorphic to F (p)•
for some free module F . This shows that A• belongs to the collection N .
It remains to show that every morphism A1
α
−→ A2 in C is the first morphism of an
n-Σ-sequence in N . But this is easy: by Remark 3.1(3) again, the map α is isomorphic
to a map
F ⊕G⊕H1
[p 0 0
0 1 0
0 0 0
]
−−−−−→ F ⊕G⊕H2
in C . This map is the first in the n-Σ-sequence which is the direct sum of F (p)• and
three trivial n-Σ-sequences involving the modules G,H1 and H2. 
Next we show that axiom (N2) holds. Here we need the additional assumption that
2p = 0 in R when n is odd; this was not needed for axiom (N1) to hold. To see why we
need this extra assumption for odd n, consider the triangulated case (i.e. n = 3) and the
3-Σ-sequence
R(p)• : R
p
−→R
p
−→R
p
−→ΣR
in N . Its left rotation is the 3-Σ-sequence
R
p
−→R
p
−→ΣR
−p
−−→ΣR
and if this is to belong to N then it is easily seen that it must be isomorphic to R(p)•. If
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R R R ΣR
R R ΣR ΣR
p
u
p
v
p
w Σu
p p −p
is an isomorphism, then the elements u,v and w are units in R, and commutativity of
the three squares (from left to right) gives
p =u−1pv =u−1pw =u−1(−p)Σu.
Since Σ is the identity functor, we see that p =−p. This argument can easily be general-
ized to all odd n.
A natural question arises: could the extra assumption be removed if we just defined
the collection N to contain the left rotation of the n-Σ-sequence R(p)• whenever n is
odd? Note that for even n this is irrelevant: in this case R(p)• equals its left rotation,
since there is no change of sign. However, for odd n the answer is no: we would still
need the assumption that 2p = 0 in R. To see why, consider again the case n = 3, and
suppose that both R(p)• and its left rotation belong to N . Then by axiom (N3), we can
complete the solid part of the diagram
R R R ΣR
R R ΣR ΣR
p
1
p
1
p
w 1
p p −p
to amorphism of 3-Σ-sequences. The same argument as above then forces p and−p to
be equal in R, and this can also be generalized to all odd n.
Proposition 3.3 (Axiom (N2)). Suppose that n ≥ 3 is an integer, and that 2p = 0 in R
whenever n is odd. Then an n-Σ-sequence belongs to N if and only if its left rotation
does.
Proof. A candidate n-angle is obviously contractible if and only if its left rotation is,
regardless of the extra assumption. For a free module F ∈C , the left rotation of F (p)• is
the n-Σ-sequence
F
p
−→ F
p
−→ ···
p
−→ΣF
(−1)np
−−−−−→ΣF.
Since the functor Σ is the identity, this n-Σ-sequence equals F (p)• whenever n is even,
or whenever n is odd and 2p = 0 in R. 
Before we show that axioms (N3) and (N4) hold, we show that they hold if we only
consider sequences of the form F (p)• for a freemodule F . The proof that the two axioms
hold for all sequences inN reduces to this special case.
Lemma 3.4. Suppose that n ≥ 3 is an integer, and that 2p = 0 in R whenever n is odd.
Then for all free modules F,G ∈C , the solid part of each commutative diagram
F F F · · · F ΣF
G G G · · · G ΣG
p
ψ1
p
ψ2
p
ψ3
p p
ψn Σψ1
p p p p p
can be completed to a morphism of n-Σ-sequences, in such a way that the mapping cone
belongs toN .
Proof. Decompose the matricesψ1 andψ2 asψi =ψ
′
i
+pθi , whereψ
′
i
is amatrix whose
entries are just units (if any) and zeros. The equality pψ1 = pψ2 implies that pψ
′
1 = pψ
′
2,
hence the matrices ψ′1 and ψ
′
2 must be equal; we denote this matrix by ψ. Since pψi =
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pψ, we can complete the given diagram to amorphism ofn-Σ-sequences by takingψ3 =
ψ2−pθ1 andψ4 = ·· · =ψn =ψ (ifn ≥ 4), giving themorphism (ψ1 ,ψ2,ψ2−pθ1,ψ, . . . ,ψ).
We shall prove that the mapping cone of this morphism belongs toN .
Consider the even simpler morphism (ψ,ψ, . . . ,ψ) between F (p)• and G(p)•. The
diagram
F F F F · · · F ΣF
G G G G · · · G ΣG
p
ψ1 ψ
p
θ1
ψ2 ψ
p
θ2−θ1
ψ2 ψ
p
0
ψ ψ
p
ψ ψ
p
0
Σψ1 Σψ
p p p p p p
displays a homotopy between the two morphisms (where ψ2 = ψ2 − pθ1), hence by
Lemma 2.1(2) the mapping cone of (ψ1,ψ2,ψ2 − pθ1,ψ, . . . ,ψ) is isomorphic to that of
(ψ,ψ, . . . ,ψ). It suffices therefore to show that the mapping cone of (ψ,ψ, . . . ,ψ) belongs
toN .
Ifψ= 0, then the mapping cone is just the direct sum of G(p)• and F (p)•, where the
latter is F (p)• but with a sign change on all the maps. When n is odd, the assumption
2p = 0 gives F (p)• = F (p)•, whereas when n is even, the diagram
F F F · · · F ΣF
F F F · · · F ΣF
p
1
p
−1
p
1
p p
−1 1
−p −p −p −p −p
shows that the n-Σ-sequences F (p)• and F (p)• are isomorphic. In either case the se-
quenceF (p)•, and therefore also themapping coneof themorphism (0,0, . . . ,0), belongs
toN .
Suppose ψ is nonzero, so that it contains at least one unit. As in Remark 3.1(3), by
performing appropriate row and column operations on ψ, we obtain a matrix ψ˜ of the
form [
I 0
0 Z
]
where I is a square identity matrix and Z a zero matrix. The mapping cone of (ψ, . . . ,ψ)
is then isomorphic to that of (ψ˜, . . . ,ψ˜), hence it suffices to show that the latter belongs
toN .
The form xsof the matrix ψ˜ implies that the modules F and G decompose in C as
F = F1⊕F2 and G = F1⊕G2, such that the map
F1⊕F2
[
1 0
0 0
]
−−−−→ F1⊕G2
equals the map ψ˜. The mapping cone of the morphism (ψ˜, . . . ,ψ˜) is then the direct sum
of three n-Σ-sequences, two of which are G2(p)• and F2(p)•, where we have used the
same notation as earlier in the proof. As we have seen, the sequence F2(p)• (and also
G2(p)•) belong to N . The third summand is the mapping cone of the identity mor-
phism on F1(p)•, and by Lemma 2.2(2), this n-Σ-sequence is contractible and belongs
toN . This shows that the mapping cone of (ψ˜, . . . ,ψ˜) belongs toN . 
Having proved the special case, we now show that axioms (N3) and (N4) hold for all
sequences in N .
Proposition 3.5 (Axiom (N3)/(N4)). Suppose that n ≥ 3 is an integer, and that 2p = 0 in
R whenever n is odd. Then the solid part of each commutative diagram
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A1 A2 A3 · · · An ΣA1
B1 B2 B3 · · · Bn ΣB1
α1
ϕ1
α2
ϕ2
α3
ϕ3
αn−1 αn
ϕn Σϕ1
β1 β2 β3 βn−1 βn
with rows in N can be completed to a morphism of n-Σ-sequences, in such a way that
the mapping cone belongs to N .
Proof. Suppose that A• contains a trivial n-Σ-sequence T• as a direct summand, so that
A• is isomorphic to a direct sum T•⊕A
′
• for some n-Σ-sequence A
′
• ∈N (both T• and A
′
•
belong toN by Proposition 3.2). Then the maps ϕ1 and ϕ2 decompose as ϕi =
[
ϕT
i
ϕ′
i
]
,
whereϕT
i
∈HomC (Ti ,Bi ) andϕ
′
i
∈HomC (A
′
i
,Bi ). SinceT• is a trivialn-Σ-sequence, it is
easily seen that the twomaps ϕT1 andϕ
T
2 can be completed to a morphism ϕ
T : T•→ B•
of n-Σ-sequences.
Supposenow that the twomapsϕ′1 andϕ
′
2 canbe completed to amorphismϕ
′ : A′•→
B• of n-Σ-sequences in such a way that the mapping cone Cϕ′ belongs to N . Together,
the twomorphisms ϕT and ϕ′ form amorphism
[ϕT ϕ′ ] : T•⊕ A
′
•→ B•
whose first two vertical maps are ϕ1 and ϕ2. Now since T• is trivial (and therefore con-
tractible), the morphism ϕT is nullhomotopic by Lemma 2.1(1). But then [ϕT ϕ′ ] is ho-
motopic to the morphism [0 ϕ′ ], and so by Lemma 2.1(2) these two morphisms have
isomorphic mapping cones. The mapping cone of [0 ϕ′ ] is the direct sum ofCϕ′ and the
left rotation of T•, the latter possibly with a sign change in the only nonzeromap. This is
easily seen to be isomorphic to the left rotation of T•, hence the mapping cone of [0 ϕ
′ ],
and therefore also the mapping cone of [ϕT ϕ′ ], belongs to N .
The above shows that we can “remove” any trivial summands of A•. Similarly, we can
remove trivial summands of B•; a similar argument holds, or we can use the above argu-
ment together with the duality HomR (−,R) on C (the ring R is selfinjective, cf. Remark
3.1(2)). Since the contractible candidate n-angles are just direct sums of trivial ones (cf.
Remark 3.1(5)), it follows that we can reduce to the case when A• = F (p)• andB• =G(p)•
for free modules F andG. Then the result is just the previous one, Lemma 3.4. 
We summarize everything in the following theorem.
Theorem 3.6. Let R be a commutative local ring with maximal principal ideal m = (p)
satisfyingm2 = 0, and C the category of finitely generated free R-modules. Furthermore,
let n ≥ 3 be an integer and Σ : C →C the identity functor. Finally, letN be the collection
of all n-Σ-sequences isomorphic to a direct sum C• ⊕F (p)•, where C• is a contractible
candidate n-angle, F is a free module in C and F (p)• is the n-Σ-sequence
F
p
−→ F
p
−→ ···
p
−→ F
p
−→ΣF.
Then (C ,Σ,N ) is an n-angulated category whenever n is even, or when n is odd and
2p = 0 in R.
4. CLASSES OF n-ANGLES
In this section we explore some properties of the n-angulated categories we have
constructed. The question we address is: how many collections of n-angles does the
underlying suspended category (C ,Σ) admit? For a general triangulated category, this
was studied in [Bal], where an example of an algebraic suspended category with infin-
itely many triangulations was given. As Balmer notes in loc. cit., for the (topological)
stable homotopy category this is implicit in [Hel].
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We have already seen a glimpse of what to come. Recall from the discussion preced-
ing Proposition 3.3 that for odd n, the n-Σ-sequence
R
p
−→R
p
−→ ···
p
−→R
−p
−−→ΣR
cannot belong to the collection of n-angles we have defined so far, unless we require
that p = −p. On the other hand, it must belong to the collection if the rotation axiom
(N2) is to be satisfied, and this is precisely why we must require that p = −p for odd n.
It is straightforward to show that this n-Σ-sequence is isomorphic to the sequence
R
−p
−−→R
p
−→ ···
p
−→R
p
−→ΣR
and that also for even n it cannot belong to the collection of n-angles unless p =−p. But
what if, for even n, we define the collection of n-angles to contain this new sequence
instead of the sequence
R
p
−→R
p
−→ ···
p
−→R
p
−→ΣR
that we have used so far? The following result shows that we would still get an n-
angulated category. In fact, for every unit u in R, the n-Σ-sequence
R
up
−−→R
p
−→ ···
p
−→R
p
−→ΣR
gives rise to an n-angulation of (C ,Σ), and every n-angulation is obtained this way.
Moreover, two such n-angulations coincide if and only if the defining units u and v
satisfy up = vp in the ring R. These various n-angulations arise from global automor-
phisms on the underlying category, introduced by Balmer in [Bal]. One can obtain the
result by applying [GKO, Proposition 3.4].
Theorem 4.1. Let R be a commutative local ring with maximal principal ideal m = (p)
satisfyingm2 = 0, and C the category of finitely generated free R-modules. Furthermore,
let n ≥ 3 be an integer and Σ : C →C the identity functor. Finally, for each unit u ∈R, let
Nu be the collection of all n-Σ-sequences isomorphic to a direct sumC•⊕F (p)•, whereC•
is a contractible candidate n-angle, F is a freemodule inC and F (p)• is the n-Σ-sequence
F
up
−−→ F
p
−→ ···
p
−→ F
p
−→ΣF
Then the following hold:
(1) (C ,Σ,Nu ) is an n-angulated category whenever n is even, or when n is odd and
2p = 0 in R.
(2) IfN is any n-angulation of (C ,Σ), thenN =Nu for some unit u in R.
(3)Nu =Nv if and only if up = vp in R.
Proof. (1) The proofs of Proposition 3.2, Proposition 3.3, Lemma 3.4 and Proposition 3.5
all carry over almost verbatim. Only the proof of the rotation axiom (N2) needs some
clarification.
Rotating (left) the sequence
F
up
−−→ F
p
−→ ···
p
−→ F
p
−→ΣF
once gives the sequence
F
p
−→ F
p
−→ ···
p
−→ F
up
−−→ΣF
that is, the last map (map n) becomes multiplication by up instead of the first one. By
rotating twice, map n−1 becomes multiplication by up, and so on. The point is that all
these rotations are isomorphic to the original sequence: the diagram
F F · · · F ΣF
F F · · · F ΣF
up
u
p
1
p p
1 u
p p p up
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displays an isomorphism after rotating once.
(2) Let N be an n-angulation of (C ,Σ). By axiom (N1)(c), the map R
p
−→R in C is the
first map of some n-angle
A• : R
p
−→R
α2
−→ A3
α3
−→ ···
αn−1
−−−→ An
αn
−−→ΣR
in N . As in the proof of Proposition 3.2, we may assume that all the maps are minimal
(i.e. that Imαi ⊆ mAi+1): otherwise we can split off trivial n-Σ-sequences. Now con-
sider this n-angle as a periodic exact sequence of free R-modules. As such, it defines a
minimal free resolution
· · ·
αn
−−→R
p
−→R
α2
−→ A3
α3
−→ ···
αn−1
−−−→ An
αn
−−→R→ k→ 0
of the residue field k = R/m of R, since k is just isomorphic to the image of the map
R
p
−→ R. Consequently, the residue field k has a minimal free resolution in which the
ranks of the free modules are bounded. By [Avr, Eis, Gul], this can only happen for local
rings which are complete intersections of codimension one, that is, hypersurface rings.
Moreover, the minimal free resolution of k eventually becomes two-periodic with con-
stant rank. In our situation the resolution is periodic from the start, and since it contains
two consecutive terms of rank one, we see that all the freemodules A3, . . . ,An must have
rank one. Therefore, the n-angle A• is of the form
R
p
−→R
u2p
−−→R
u3p
−−→ ···
un−1p
−−−−→R
unp
−−−→ΣR
for some units u2, . . . ,un in R (the maps cannot be zero or isomorphisms, since this
would contradict exactness and minimality). The diagram
R R R · · · R ΣR
R R R · · · R ΣR
p
1
u2p
∏n
i=2
ui
u3p
∏n
i=3
ui
un−1p unp
un 1(∏n
i=2
ui
)
p p p p p
shows that the n-angle is isomorphic to the n-Σ-sequence
R
up
−−→R
p
−→ ···
p
−→R
p
−→ΣR
with u =
∏n
i=2ui , hence by axiom (N1)(a) the latter must also be an n-angle inN .
SinceN is closed under direct sums, it must contain all n-Σ-sequences of the form
F
up
−−→ F
p
−→ ···
p
−→ F
p
−→ΣF
where F is a freemodule inC : this sequence is just the direct sum of copies of the above
n-angle. Moreover, we know from Lemma 2.2 that N contains all the contractible can-
didate n-angles. Using axiom (N1)(a) again, we see that the collection N must contain
the collection Nu , and so N =Nu by [GKO, Proposition 1.5(c)].
(3) Let u and v be units in R. If up = vp then the collections Nu andNv are equal by
definition. Conversely, suppose that Nu equals Nv . By axiom (N3), the solid part of the
commutative diagram
R R R · · · R ΣR
R R R · · · R ΣR
up
u
p
v
p
w3
p p
wn u
vp p p p p
can be completed to amorphism of n-angles. Commutativity of the squares gives (from
left to right, say)
u(vp)=u(w3p)= ·· · = u(wnp)=u(up),
hence vp =up in R. 
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Corollary 4.2. With the notation from Theorem 4.1, define an equivalence relation on
the set of units in R by u ∼ v if and only if up = vp. Then the assignment [u] 7→Nu is a bi-
jective correspondence between the set of equivalence classes and the set of n-angulations
of the suspended category (C ,Σ).
Depending on the ringR, the number of n-angulations of (C ,Σ) can vary. We include
some examples showing that there could be infinitely many, finitely many or just one.
Example. (1) Let R be the ring Z/(4). This ring has two units, namely 1 and 3, and they
are equivalent since 1 ·2= 3 ·2 in R. Thus for every n ≥ 3, the suspended category (C ,Σ)
admits only one n-angulation. The triangulated case, that is, the case n = 3, is [MSS,
Theorem 1].
More generally, let p be a prime number and R the ring Z/(p2). Then 2p 6= 0 in R
unless p = 2, so when p 6= 2 we can only consider n-angulations on (C ,Σ) for even n.
The number of units in R is given by the Euler φ-function: it is φ(p2) = p(p − 1), and
they are (the congruence classes modulo p2) of the integers
1, . . . ,p−1,
p+1, . . . ,2p−1,
...
p2−p+1, . . . ,p2−1.
Two units u,v are congruent in R (i.e. up = vp) if and only if they are congruent
in Z modulo p, and the above list contains p − 1 such congruence classes, namely
[1], . . . , [p−1]. Consequently, for even n the suspended category (C ,Σ) admits precisely
p−1 different n-angulations.
(2) Let k be a field and R the ring k[x]/(x2). If k is infinite then R contains infinitely
many units, and all such units of the form u for some u ∈ k are incongruent. That is, if u
and v are nonzero different elements in k, then considered as units inR they satisfyux 6=
vx. If in addition the characteristic of k is two, then 2x = 0 in R, hence our construction
gives n-angulations of the suspended category (C ,Σ) for all n ≥ 3 (we do not have to
restrict to even n). To sum up: when k is infinite and of characteristic two, then for all
n ≥ 3 the suspended category (C ,Σ) admits infinitely many different n-angulations.
5. ALGEBRAIC n-ANGULATED CATEGORIES
Algebraic n-angulated categories where introduced in [Jas]. These are, as their name
suggests, higher analogs of algebraic triangulated categories. The aim of this section is
to show that, for odd n, some of the n-angulated categories constructed in Theorem 3.6
are not algebraic.
We recall some definitions and results from loc. cit.. Let E be an additive category. A
complex
A1→ A2→···→ An−1→ An → 0
in E is called a right (n−2)-exact sequence1 if for every A ∈ E the induced sequence of
abelian groups
0→HomE (An ,A)→HomE (An−1,A)→···→HomE (A2,A)→HomE (A1,A)
is exact. We define left (n − 2)-exact sequences dually. An (n − 2)-exact sequence is a
complex which is both a right (n−2)-exact sequence and a left (n−2)-exact sequence.
An (n−2)-exact sequence is contractible if it is contractible as a complex.
A morphism of complexes in E of the form
1We borrow this terminology from [Lin].
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A1 A2 · · · An−1
B1 B2 · · · Bn−1
α1
ϕ1
α2
ϕ2
αn−2
ϕn−1
β1 β2 βn−2
is called an (n−2)-pushout diagram if the mapping cone
A1
[
−α1
ϕ1
]
−−−−→ A2⊕B1
[
−α2 0
ϕ2 β1
]
−−−−−−−→ ···
[
−αn−2 0
ϕn−2 βn−3
]
−−−−−−−−−−→ An−1⊕Bn−2
[ϕn−1 βn−2 ]
−−−−−−−−−→ Bn−1→ 0
is a right (n−2)-exact sequence.
An (n−2)-exact structure onE is a classX of (n−2)-exact sequences, whosemembers
are called admissible (n−2)-exact sequences, satisfying axioms similar to those of exact
categories. The pair (E ,X ) is then called an (n−2)-exact category.
An (n−2)-exact category (E ,X ) is Frobenius if the following properties are satisfied:
• For each A ∈E there exist admissible (n−2)-exact sequences
0→ A→ I1→···→ In−2→ B→ 0
and
0→C→ P1→···→ Pn−2→ A→ 0
such that I1, . . . , In−2 are X -injective and P1, . . . ,Pn−2 are X -projective (note
that X -projectives and X -injectives are defined as usual).
• The classes of X -projectives and of X -injectives coincide.
It is shown in [Jas, Theorem 5.11] that the stable category of a Frobenius (n−2)-exact
category E has a natural n-angulation induced by the admissible (n−2)-sequences in
E . This motivates the following definition.
Definition. Ann-angulated category is algebraic if it is equivalent to the stable category
of a Frobenius (n−2)-exact category with its natural n-angulation.
Let C be a category. When convenient, we denote by d · A the d-fold multiple of the
identity morphism of A ∈ C . If C is an n-angulated category, then for each d 6= 0 and
each A ∈C there is an n-angle
A
d ·1
−−→ A→ (A/d)1→···→ (A/d)n−2→ΣA.
Note that the complex (A/d)• is well-defined up to homotopy equivalence since n-
angles are exact.
It is known that if C is an algebraic triangulated category, then we have d · (A/d)= 0
for all d 6= 0 and for all A ∈C . This is shown by Schwede in [Sc1, Proposition 1] by using
the fact that algebraic triangulated categories are tensored over Db(modZ). We now give
an elementary proof of a higher analog of this property.
Proposition 5.1. Let E be a Frobenius (n − 2)-exact category. Then, for all d 6= 0 the
morphism d · (A/d)• is null-homotopic as a morphism of complexes in the n-angulated
category E .
Proof. Firstly, by construction there is an (n−2)-pushout diagram of admissible (n−2)-
exact sequences
I (A)• 0 A I1 · · · In−2 ΣA 0
B• 0 A (A/d)1 · · · (A/d)n−2 ΣA 0
ϕ•
α0
d ·1
α1
ϕ1
αn−3 αn−2
ϕn−2
β0 β1 βn−3 βn−2
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which induces the n-angle
A
d ·1
−−→ A→ (A/d)1→···→ (A/d)n−2→ΣA
in E , see [Jas, Section 5].
Secondly, by adding to the bottom the contractible (n−2)-exact sequence
0→ 0→ I2 → I2⊕ I3→···→ In−3⊕ In−2→ In−2→ 0→ 0,
we may assume that the above diagram is a good (n−2)-pushout diagram in the sense
of [Jas, Defition-Proposition 2.14]. By the factorization property of good (n−2)-pushout
diagrams there is a commutative diagram
I (A)• 0 A I1 · · · In−2 ΣA 0
B• 0 A (A/d)1 · · · (A/d)n−2 ΣA 0
I (A)• 0 A I1 · · · In ΣA 0
ϕ•
α0
d ·1
α1
ϕ1
αn−3 αn−2
ϕn−2
ψ•
β0 β1
ψ1
βn−3 βn−2
ψn−2 d ·1
α0 α1 αn−3 αn−2
such that for all k ∈ {1, . . . ,n−2} we have ψk ◦ϕk = d ·1. We only need to check that the
bottom right square commutes. Indeed, we have
(d ·βn−2)◦ϕn−2 = d ·αn−2,
(αn−2 ◦ψn−2)◦ϕn−2 = d ·αn−2,
(αn−2 ◦ψn−2)◦βn−3 =αn−2 ◦ (αn−3 ◦ψn−3)= 0,
and
(d ·βn−2)◦βn−3 = 0.
Since [ϕn−2 βn−3] : In−2 ⊕ (A/d)n−3 → (A/d)n−2 is an epimorphism, the claim follows.
Note that if n = 3 this shows that d · (A/d) = 0 (by convention, (A/d)0 := A). In the rest
of the proof we assume n ≥ 4.
Thirdly, we deuce from the commutative diagram
B• 0 A (A/d)1 · · · (A/d)n−2 ΣA 0
I (A)• 0 A I1 · · · In−2 ΣA 0
B• 0 A (A/d)1 · · · (A/d)n−2 ΣA 0
ψ•
β0 β1
ψ1
βn−3 βn−2
ψn−2 d ·1
ϕ•
α0
d ·1
α1
ϕ1
αn−3 αn−2
ϕn−2
β0 β1 βn−3 βn−2
and the dual of [Jas, Comparison Lemma 2.1] that there exist a homotopy h• : d ·B• →
ϕ• ◦ψ• with hn−1 : ΣA→ (A/d)n−2 equal to 0. Next, observe that h1 ◦β0 = 0, hence h1
factors through β1 as γ◦β1, say. Thus, by replacing h2 by h2+β0◦γ, wemay assume that
h1 = 0. Therefore h• induces a homotopy d ·(A/d)•→ϕ•◦ψ•. This shows that d ·(A/d)•
is null-homotopic as a morphism of complexes in E . 
We now prove the main result of this section.
Theorem5.2. Let R be a commutative local ring with principal maximal idealm= (p) 6=
0 such that m2 = 0 and C the category of finitely generated free R-modules. Suppose
moreover that 2p = 0. If n is odd and there exists d ∈Z such that d ·1R ∈m \ {0}, then the
n-angulated category (C ,Σ,N ) constructed in Theorem 3.6 is not algebraic.
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Proof. Let d ∈ Z be such that d ·1R ∈m \ {0}. Hence d ·1R = up from some unit u in R.
The case n = 3 is clear since d ·1R =up 6= 0.
Let n ≥ 4. Since up is not a unit, every n-angle having up : R → R as first morphism
is isomorphic to the n-angle
R
p
−→R
p
−→R
p
−→ ···
p
−→R
p
−→R.
Therefore, up to a contractible summand, we have
(R/d)• = (R
p
−→ ···
p
−→R).
Suppose that there exists a null-homotopy of d · (R/d)• = (up, . . . ,up). Thus, there exist
q1, . . . ,qn−3 ∈R such that
up = pq1 = q1p+pq2 = ·· · = qn−4p+pqn−3 = qn−3p.
Given that 2p = 0 and that n is odd, by adding the above equalities we have (n−2)up =
up = 0, a contradiction. Hence the n-angulated category (C ,Σ,N ) is not algebraic by
Proposition 5.1. 
Remark 5.3. Note that if n is even, then the sequence (u,0,u, . . . ,0,u) ∈ Rn−3 gives a
null-homotopy of d · (R/d)• = (up, . . . ,up) in the setting of Theorem 5.2. Hence we can-
not deduce from Proposition 5.1 that the n-angulated category (C ,Σ,N ) is not alge-
braic in this case.
Example. Let R be the ring Z/(4). Then, the assumptions of Theorem 5.2 are satisfied
since we have 0 6= 2 ∈ (2). Thus, for odd n, the corresponding n-angulated category is
not algebraic.
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